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Introduction

The Linear Programming (LP) Pac provides you with the ability to solve a wide variety of optimization problems
such as chemical blending, feed mix, production scheduling, investment portfolio selection and marketing media
selection. ‘

The pac contains two sets of programs for solving LP problems on the HP-85 with either 16K or 32K bytes of
user memory. Each set contains seven programs which chain together automatically, plus a binary program
which greatly reduces the time required for convergence to a solution. The manual includes a program descrip-
tion, User Instructions and two example problems. ’

The pac is pn'marily‘ designed for the person who has already gained some understanding of the process of formu-
lating an LP problem and interpreting its solution. If you are unacquainted with the LP technique, we recommend
that you familiarize yourself with the subject before attempting to use this pac. A particularly clear presentation is
contained in An Introduction to Quantitative Methods for Decision Making by Richard E. Trueman, published by
Holt, Rinchart and Winston, New York, New York, 1977.

The solution procedure begins with the entry of a problem from either the keyboard or tape cartridge. After entry,
the problem may be modified, printed or stored before being solved. After solution, the answer is printed and a
sensitivity analysis may be performed.

The technique used to optimize the objective function is a modification of the simplex method which incor-
porates variable bounds. Lower bounds on variables result in tableau modifications before optimizing begins.*
Upper bounds are incorporated in the algorithm.? As a result, upper and lower bounds on variables do not need
to be formulated as constraints, which conserves problem space.

You do not need a knowledge of the BASIC programming language to use the Linear Programming Pac; however,
you should be familiar with sections 1 through 5 of the Owner’s Manual. If you are a programmer, you may want to
make use of the pac’s Remarks program, which contains program listing comments and variable definitions to aid
you in following program flow. Appendix A contains User Instructions for the Remarks program.

! Llewellyn, Robert W., Linear Programming, Holt, Rinehart and Winston, New York, New York, 1964, pp. 133-134.

2 Luenberger, D. G., Introduction to Linear and Non-Linear Programming, Addison-Wesley Publishing Company, Reading, Mass., 1973, pp.
48-53.
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Program Description

Enter

The program begins with the entry of a problem from the keyboard or tape cartridge. You must observe the
maximum problem dimensions (see the Problem Dimensions section) and the following guidelines:

1. Names for problems, variables and constraints may be up to 6 alphanumeric characters in length.
Constraints must be entered in this order: < =, =, > =,
. Constraint right-hand side values should be greater than or equal to zero.
. Data input should not overflow the data output display format: DDDDD.DD.

MR WD

. Special function keys may be used when you are prompted. They provide program control by allowing you

to chain to program segments or access subroutines. They are not meant to be used as direct interrupts
anywhere in the program.

6. If you are entering a problem previously stored on a tape cartridge other than the LP Pac cartridge, follow
the User Instructions to insure that the LP Pac cartridge is in the tape transport except when you are loading
or storing data.

Modify

The Modify program segment will allow you to: a) correct any incorrect entries made while entering a problem,
and b) create a new problem, with a new name, by modifying an old problem.

You may add a maximum of two (2) constraints more than the number in the problem when it was originally
entered. You may delete as many constraints as desired as long as at least one (1) constraint remains in the problem.
For every constraint deleted, one more may be added. The list of constraints will be displayed before and after
each addition or deletion. Modifying can only be done before solving the problem.

Print

This program segment will give you a record of the problem structure. Printing can only be done before solving
the problem.
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Store

Problems are stored on tape by user-specified name, and all reference to stored problems is by name. The problem
will be stored using the current name, unless there is already a problem by that name stored on the tape cartridge. In
that case you may use the current name or create a new name. If you use the current name, then the original data
stored under that name will be erased.

You may store problems either on the LP Pac cartridge or on a data storage cartridge. If you do the latter,
follow the User Instructions to insure that the LP Pac cartridge is in the tape transport except when you are loading
or storing data. The data storage cartridge must be initialized before use with the ERASETAPE command.

Storing can only be done before solving the problem.

Solve

Before optimization begins, the tableau is completed by adding the necessary surplus, slack and artificial
variables. You then have the option of printing the initial tableau after which the optimization begins.

If the solution is unbounded, or if there is no feasible solution, an appropriate message is"'printed.

Answer

After optimization is complete, the answer is printed, including the basis, dual variables and the value of the
objective function. You then have the option of printing the final tableau.

The dual variable value, or ‘‘shadow price,’’ is the amount of change in the value of the objective function for
each unit by which the constraint right-hand side (RHS) value is changed.

Sensitivity Analysis

Through this analysis you may obtain more information about the constraints and variables in and out of the
solution (basis). The analysis includes constraint right-hand side (RHS) value ranging, basis variable coefficient
ranging and non-basis variable coefficient ranging.

The sensitivity analysis calculates the upper and lower limits within which you may change any one constraint
RHS value or objective function coefficient without changing the basis. Basis variable values may change and the
objective function value may change, but the basis will remain the same.

The non-basis variable coefficient ranging determines the amount of change necessary for a non-basis variable to
enter the basis.

Remarks Program

The LP Pac cartridge also contains a Remarks program which will help you if you are examining the program
listings. Refer to Appendix A.
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Problem Dimensions

Maximum problem size is dependent on available read-write memory (random-access memory or RAM). Two
different versions of the LP Pac are contained on the tape cartridge. The first requires 16K bytes of RAM and
the second requires 32K bytes. The following table gives the problem size restrictions for each version:

16K 32K

Tableau Matrix* A(,) (18,47) (30,85)
Variables N 1to 40 1t078
Constraints M 11013 1t0 25
> = Constraints G 0to 13 O0to25

M+ G 2 to 41 2t0 79

*See Appendix C

For each constraint (M) and each > = constraint (G), the maximum number of variables (N) is reduced by one.

Some extreme examples are:

MEMORY N M G N+ M+ G

16K 40 1 0 41
16K 15 13 13 41
32K 78 1 0 79
32K 29 25 25 79

Note: Problems previously stored onktape using the 16K version of the LP Pac can only be accessed with the
16K version. The same restriction also applies to the 32K version.

Glossary of Linear Programming Terms

Artificial Variable

A positive variable added to the left-hand side of an equality or a >= (greater than or equal to) inequality in order to
generate an initial basic feasible solution.

Basic Feasible Solution
A solution which satisfies all constraints and which lies at an extreme point (vertex) of the solution space as
defined by the constraint set. The initial basic feasible solution has a value of zerp for all problem variables and for

the objective function.

Basis

The set of variables with positive values (basis variables), forming a basic feasible solution. A problem with N
variables and M constraint equations will have at most M variables in the basis.

Dual Variable Value (‘‘shadow price’’)

The amount of change in the objective function value resulting from a one unit change in the RHS value of the
associated constraint. ‘
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Feasible Solution
Any solution of the problem which satisfies all of the constraints.
Infeasible Solution

A solution in which one or more variables has a negative value. This indicates that one or more constraints or
variable bounds cannot be satisfied.

Iteration
Stepwise progress toward an optimal solution by generating a new basic feasible solution.
Non-Basis Variable

A variable which has a zero value and which is not included in the basis. A variable which is at its upper or lower
bound is included in this category.

Objective Function
The function to be optimized (maximized or minimized).
Optimality

A condition in which no further improvement in the value of the objective function is possible. This is called the
optimal solution.

Problem Variable
A variable appearing in the objective function.
Sensitivity Analysis

A post-optimality analysis to determine the upper and lower ranging values on constraint RHS values and
objective function coefficients. This analysis determines the range of validity of dual variable values.

Slack Variable
A positive variable added to the left-hand side of a <= (less than or equal to) inequality to create an equality.
Surplus Variable

A positive variable subtracted from the left-hand side of a >= (greater than or equal to) inequality to create an
equality.

Tableau

An array of variable coefficients and constraint RHS values created by removing the variable symbols from the set
of linear equations in the LP model.

Unbounded Solution

A condition in which the value of the objective function can be made arbitrarily large.
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Format of User Instructions
The User Instructions are your guide to operating the programs in. this pac.

Certain key words have been used to indicate specific types of operations. You should become familiar with

the meanings of these words so that the intent of the User Instructions can then easily be followed.

Key Word Meaning/Use

INSERT Put the tape cartridge into the tape transport

PRESS Push an immediate execute key, e.g., or

TYPE Push a series of keys which fofrh a command, e.g., Type: "L

ENTER Push a series of keys as a response to a machine prompt, e.g., Enter: The name of the LP

problem .
GO TO Stepn | Change the flow in the User Instructions.

REPEAT Designates a repeatable group of instructions

NOTE: Extra comments concerning instructions for this step

The User Instructions are written in outline form so that you can easily follow the instructions and the flow of

operation.

Whenever a special function key is labeled HE L., the program includes a ‘*“HELP’’ section which displays a
AR
GUTDEL THES? is displayed, summary information from the program description and User Instructions is

short description of the function of each special function key. Whenever (LI I[E or [1]

presented to aid you in solving your LP problems. After solving a few LP problems using the written User
Instructions, you should be able to solve problems rapidly, referring only to the program ‘‘HELP”’ and
““‘GUIDELINES”’ to refresh your memory.

The program flow will often ask for a ‘“YES’’ or ‘‘NO’’ answer to a question. A *“YES’’ answer requires that you
enter Y or YES before pressing . However, you may answer ‘‘NO’’ simply by pressing . Entering N or
NO beforehand is optional.
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Program Operation Hints

These programs have been designed to execute with a minimum amount of difficulty, but problems may occur which
you can easily solve during program operation. There are four different types of errors or warnings that can occur
while executing a program: input errors, math errors, tape errors and image format string errors.

The input errors include errors 43, 44, and 45. All of these errors will cause a message to be output followed by a
new question mark as a prompt for the input. You should verify your mistake and then enter the corrected input.
The programs will not proceed until the input is acceptable. There is a more complete discussion of I HHLIT inyour
Owner’s Manual.

The second type of error that might occur is a math error (errors 1 thru 13). With DEFHLIL T [, the first eight
errors listed in Appendix E of your Owner’s Manual cause a warning message to be output, but program execution
will not be halted. The cause of these errors can usually be attributed to specific characteristics of your data and the
_ type of calculations being performed. In most cases, there is no cause for alarm, but you should direct your attention
to a possible problem. An example of such a case is found in the Standard Pac when the curve fitting program
computes a curve fit to your data which has a value of 1 for the coefficient of determination, ré. The computation of
the F ratio results in a divide by zero, Warning 8.

The third type of error, tape errors (60 thru 75), may be due to several different problems. Some of the most likely
causes are the tape being write-protected, the wrong cartridge (or no cartridge) being inserted, a bad tape cartridge,
or wrong data file name specification during program execution. Appendix E of your Owner’s Manual should be
consulted for a complete listing.

The fourth type of error is due to generalizing the output to anticipated data ranges. In many cases, the output has
assumed ranges which may or may not be appropriate with your data. Adjusting the image format string for your
data will solve this type of problem. You may also want to change the image string if you require more digits to the
right of the decimal point.

Whenever a running program is interrupted from the keyboard by inadvertantly pressing a key, the system beeps. To
continue program execution, press .

Most programs assume that the printeris 2 and the CRT is 1 and use PRINT and DISP statements accordingly. If you
want to ensure that the peripherals are defined as the programs assume, press before running a program. The
currently defined key labels are obtainable at any time while a program is running by pressing . Remember to
press before pressing if the key labels are in the input line. All files on the tape cartridge have
been secured using a security code of HP and a security type of 2. To store a changed version of a program, you
must first unsecure the file using HP as the security code and 2 as the security type.

These are the more common problems which may occur during program operation. Your Owner’s Manual should be
consulted if you need more assistance.
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User Instructions

Insert the LP Pac tape cartridge into the tape

transport. "

To load the program:

a. Type: R to load the 16K
RAM version.

OR:
a. Type: LR to load the

32K RAM version.
Note: The 32K RAM version will not run on an

HP-85 with only 16K RAM.
To start the program:

a. Press:

When the keys are labeled:

a. Press: KEY #1 (EMTER) to enter a
problem.

b. Go to step 5.

OR:

a. Press: KEY #5 (HEL.F) to display key
functions.

b. Go to step 4.

OR:

a. Press: KEY #6 (L: 11 1 [IE) to display guide-
lines.

b. Go to step 4.

When HFME OF FROBLEFMCE

CHARE. MAK. »7 is displayed:

a. [Enter: The problem name , 6 alpha-
numeric characters max.

When EMTER FROELEM FROM
REYBOARD OR TAHFECE-TY? s
displayed:

a. Enter: K if problem will be entered
from the keyboard.

b. Go to step 9.

OR:

10.

11.

a. Enter: T if problem will be entered
from a tape cartridge.
b. Goto step 7.
Note: If problem data is stored on another tape
cartridge, insert the cartridge before you
press .

When FEOELEM (name) EMTERET is

displayed:
a. Go to step 23.
If (name) MOT FOLMED OH THFE

OF PROBLEMCS

FROELEM

FFE.
HERE
RIZE
a. Enter: The new problem name , 6

CHRAR.
7% is displayed:

alphanumeric characters max.

b. Go to step 6.

OR:

a. Insert: The correct tape cartridge in the tape
transport.

b. Enter: The same problem name , 6
alphanumeric characters max.

c.. Go to step 6.

When FiFs TRLEE OF MIMIMIZE

R T 27 is displayed:

a. Enter: MAX if entering a maximize

problem.

OR:

a. Enter: MIN if entering a minimize
problem.

When # [OF WFARTFHEL " is displayed:

a. Enter: The number of variables .

Note: Refer to the Problem Dimensions
section.

When # [1F

played:

a. Enter: The number of constraints .

COMETREATHTE? is dis-



12.

13.

14,

15.

16.

17.

18.

When # 0OF <=

displayed:

COMETRATHTST is

a. Enter: The number of ‘‘less than or equal

to’’ constraints ,
When $ 0F = 0
played:
a. Enter: The number of ‘‘equal to’’ con-
straints ,
When # OF =
displayed:

a. Enter: The number of ‘‘greater than or equal

to’’ constraints .
STEMT

a. One or more of the following happened:

HFTH is displayed:

1. An entry in step 10 or 11 is zero or
negative.
2. Anentry in step 12, 13 or 14 is nega-
tive.
3. The sum of entries in steps 12, 13 and
14 does not equal the entry in step 11.
4. Problem dimensions are beyond the
limits specified.
b. Go to step 10.
When MHAME FORE WARIARBLE #0to
N) €& CHEERE. MRS, 2% is displayed:
a. Enter: The variable name , 6 alpha-
numeric characters max.
b. Repeat step 16 for each variable.

When HAME FORE COHSTEATHT #
(LTto M) ten CHHE.  MFK. 27 is dis-
played:

a. Enter: The constraint name , 6 alpha-
numeric characters max.
b. Repeat step 17 for each constraint.

Note: Constraints are entered in this order:
<=,=,>=,

When COEFFICTEMT

name) . (variable name)* is displayed:

a. Enter: The coefficient for that con-
straint and variable combination.

19.

20.

21.

22,

23.
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b. Repeat step 18 for each variable.

Note: Data should be entered to conform with
the program output display format
DDDDD.DD.

S WHLUE OF

COMSETRATHT (constraint name)'r is dis-

played:

a. Enter: The right-hand side (RHS) value of
that constraint .

b. Repeat steps 18 and 19 for each constraint.

Note: RHS values should be >= zero.

When . FLUMC COEFF
ble name)*? is displayed:

FUIR (varia-

a. Enter: The objective function coefficient for
that variable .

b. Repeat step 20 for each variable.

When LIFFER EOLRMD

name) © - 1 =LIMEMD 7 is displayed:

{1 (variable

a. Enter; The upper bound value for that varia-
ble (548).

b. Repeat step 21 for each variable.

OR:

a. Enter:-1 if the variable is unbounded.

b. Repeat step 21 for each variable.

When L. ORWER  EOURD (1M (variable

name) " is displayed:

a. Enter: The lower bound for that variable
@),

b. Repeat step 22 for each variable.

OR: ‘

a. Enter: 0 if the lower bound for that
variable is 0.

b. Repeat step 22 for each variable.

When the keys are labeled:

JTDE

HEL.F

EMTE MODTEY S0LVE

a. Press: KEY #1(EMTER), to enter another
problem.

b. Go to step 5.
OR:
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24.

25.

Linear Programming

a. Press: KEY #2 (MO T FY) to modify this
problem.

b. Go to step 24.

OR:

a. Press: KEY #3 (F'F I HT), to print this
problem.

b. Go to step 23.

OR:

a. Press: KEY #4 (501L.WE), to solve this
problem.

b. Go to step 61.

OR:

a. Press: KEY #5 (HEL. ), to display key
functions.

b. Go to step 23.

OR:

a. Press: KEY #6( Ll L11i), to display guide-
lines for the appropriate program segment.

b. Go to step 23.

OR:

a. Press: KEY #7 (= TOEE), to store this
problem on tape cartridge.

b. Go to step 56.

Note: The LP Pac tape cartridge should be in
the tape transport before you press any
special function keys.

When [ TEFLAY

displayed:

a. Enter: Y to display the guidelines for
problem modification.

OR:

a. Enter: N if guidelines are not needed.

When £ MHME (problem name) ™ is dis-

LUTDEL THESY is

played: ‘

a. Enter: Y to rename the current
‘problem.

b. Go to step 26.

OR:

a. Enter: N to continue.

b. Go to step 27.

27.

28.

29.

30.

31.

32.

33.

When MHEM HAME® is displayed:
a. Enter: The new problem name , 6
alphanumeric characters max.

When (OtoM + 1) COHETEATHT CR S

MEAY BE RDDED is displayed:

a. If one or more constraints may be added, go
to step 28.

OR:

a. If O constraints may be added, goto step 33.

When HETT A COMSTEATHTY is dis-

played:

a. Enter: Y to add a constraint.
b. Go to step 29.

OR:

a. Enter: N to continue.

b. Go to step 33.

When COMHSTEAIHT TYPE? EMTER

“.ow, » is displayed:

a. Enter: < for a “‘less than or equal to’’
constraint.

OR:

a. Enter:= for an ‘‘equal to’’ constraint.

OR:

a. Enter: > for a ‘‘greater than or equal
to’’ constraint.

When HFEME OF

a. Enter: The constraint name , 6 alpha-
numeric characters max.

When L OEFF

displayed:

a. Enter: The coefficient for that variable .

b. Repeat step 31 for each variable.

WRLUE OF HEW

COMSTRATHTY is displayed:

a. Enter: The constraint RHS value .

b. Go to step 27. »

When DHELETE A COMSTEARTINT? s

displayed:

a. Enter: Y to delete a constraint.

b. Goto step 35.

1k (variable name)'? is




34,

35.

36.

37.

38.

39.

40.

OR:
a. Enter: N to continue.
b. Go to step 36.

If MO COMSTREATHTS

- [ is displayed:

Ry RE
MEY BE

a. Only one constraint remains.
b. Go to step 36.

#77 is displayed:

a. Enter: The number of the constraint to be
deleted .

b. Go to step 33.

When CHEHGE CORSTEATHT

LOEFFY is displayed:

a. Enter: Y to change a constraint
coefficient.

b. Go to step 37.
OR:

a. Enter: N to continue.
b. Go to step 40.
SHIHT #.

VAR TAREBLE

#7 is displayed:

a. Enter: The constraint and variable numbers
of the coefficient to be changed .
(Example: For constraint #3 and variable

#2, enter 3,2 ).

When 303 COEFF FOFE (constraint

name, variable name) = (old coefficient) :
MEW COEFF = 7 is displayed:

a. Enter: The new coefficient .

When MUORE COEFF TO CHAMGE?Y is
displayed:

a. Enter: Y to change more coefficients.

b. Go to step 37.

OR:

a. Enter: N to continue.

When CHFMGE COMSTERIMT

WAL JES? is displayed:

a. Enter: Y to change constraint RHS
values.

b. Go to step 41.

OR:

41.

42,

43.

44.

45.

46.

47.

48.
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a. Enter: N to continue.

b. Go to step 44.

When COMSTRATHT #7 is displayed:

a. Enter: The constraint number .

When CHL0E BEHE WHLLE.,

COMHETEATHT (constraint name) = (old

value) & MEW WVHLLE "# is displayed:

a. Enter: The new constraint RHS value .

When FIHIREE COMSTRATHT REHE

WELUES TO CHAMGE? is displayed:

a. Enter: Y to change more values.

b. Go to step 41.

OR:

a. Enter: N to continue.

When UHFMGE TR FLFG

is displayed:

a. Enter:Y to change the objective func-
tion coefficients.

b. Go to step 45.

OR:

a. Enter: N to continue.

b. Go to step 48.

When AR THELE

a. Enter: The variable number (EN2).

When CH.DV DR FUMD COEFF

(variable name) = (old coefficient value)

HEW = 7 is displayed:

a. Enter: The new coefficient .

When FEE FLME COEFF T

CHFRMGE is displayed:

a. Enter:Y to change more coefficients.

b. Go to step 45.

OR:

a. Enter: N to continue.

When CHAMGE UPPER BOUMDET is

displayed:

a. Enter: Y to change upper bounds.

b. Go to step 49.

OR:

a. Enter: N to continue.

b. Go to step 52.

#77 is displayed:
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49.

50.

51.

52.

53.

54.

55.

56.

Linear Programming

When W FRE THAELE  #7 is displayed:

a. Enter: The variable number .

When GiLI0 UFFER BOUMD M (vara-

ble name) = (old value) i 0 = 1 =LIHERD

HEW *? is displayed:

a. [Enter: The new upper bound value . 57

OR: 58.

a. Enter: -1 if variable is unbounded.

When 1 LIFFER BOUMDE TO

CHEFMGEY is displayed:

a. Enter: Y ; to change more upper
bounds. 59.

b. Go to step 49.

OR:

a. Enter: N to continue.

When CHAMGE  LOHJER BEOLMDEE? is

displayed:

a. Enter: Y to change lower bounds.

b. Go to step 53.

OR:

a. Enter: N to continue.

b. Go to step 23.

When WFEIFAELE #7 is displayed: 60.

a. Enter; The variable name .

When CILI LORER EBOUHD OH

(variable name) = (old value) : HEl =

is displayed:

a. Enter: The new lower bound value . 61.

OR:

a. Enter: 0 if there is no lower bound.
When MOFEE LOWER
LHRFHGES is displayed:
a. Enter: Y to change more lower

bounds.
b. Go to step 53.
OR:
a. Enter: N to continue. 63.

b. Go to step 23.

To store the problem on a second cartridge:
a. - Remove the LP Pac cartridge.

b. Insert a second cartridge.

EOLIMEDE TO 62.

Note: Ifnotdone previously, you may initialize
the second cartridge with the ERASE
TAPE command while the HP-85 is in
PAUSE status.

Press to continue.

When (problem name) & T OFEED [

THFE is displayed:

a. Reinsert the LP Pac cartridge, if necessary,
before presSing any special function keys.

b. Go to step 23.

If (problem name) Fil.FEFLY B
W TAFE

=11 is displayed:
a. Enter: Y to use the current problem
name and erase the problem on tape which

DETGIMAL, PEOELE

uses the same name.

b. Go to step 58.

OR:

a. Enter: N to use another name for the
current problem.

When MEM HAME

displayed:

a. Enter: The new problem name , 6
alphanumeric characters max.

b. Go to step 58.

The problem name will be printed. Then the

number of variables of each type (problem,

FOR FREOBLEMY IS

surplus, slack and artificial) will be printed.

When FREIHT IHITIAL TRBLERLT

is displayed:

a. Enter: Y to have the tableau printed
before optimization.

OR:

a. Enter: N to continue. -

If s AT TOM UHHEQLIHIED and
FEIMT FIMAL THELE are
displayed:

a. Enter:Y to have final tableau printed.
b. Go to step 70.



64.

65.

66.

67.

OR: 68.

a. Enter: N to continue.
b. Go to step 70.

If MO FEASTRLE
displayed:

SOLUT IO is

a. One or more constraints or variable bounds
cannot be met. Go to step 70.

The answer will now be printed.

When FEIHT FIHAL THELERAL?I 69.

displayed:

a. Enter: Y to have the final tableau
printed.

OR:

a. Enter: N to continue. 0

When [ D SFLAY AMSZWER

GLITDEL THES® is displayed:

a. Enter:Y to display answer guidelines.
OR:
a. Enter: N to continue.

First Example

Statement of the Problem:

Our first example is a profit maximization problem. XYZ Machine and Foundry Company supplies automobile
engine parts to the replacement parts market. They want to develop a productlon plan for the next month which will

maximize the contribution to fixed costs and profit.

Linear Programming

STTIVITY

21177 is displayed:

a. Enter: Y m to have the sensitivity
analysis performed.

b. Go to step 69.

OR:

a. Enter: N to continue.

b. Go to step 70.

When [} EFLAY

displayed:

a. Enter: Y to display the sensitivity
analysis guidelines.

FHALYE TS

GUIDEL THESY is

OR:

a. Enter: N to continue.
When EHTER H MHEM P
displayed:

a. Enter: Y to enter a(’new problem.
b. Go to step 4.
OR:

. a. Enter: N to end,

15

XYZ manufactures five products: cast aluminum pistons and cast aluminum intake manifolds, forged aluminum

pistons, forged steel valves and forged steel connecting rods.

The company has a casting foundry, a forge and a machine shop. The machine shop has four types of machines:
lathe, grinder, milling machine and borer or drill. All operations to manufacture the five products are performed
at XYZ, sothe company’s manufacturing capacity is controlled by its production rates for the different operations.
Table I shows the number of units which each operation can complete per day, if exclusively assigned to that

product. A blank indicates that the product does not require that operation.
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Table 1

Daily Production Rates
(if operation exclusively assigned)

PRODUCT
Cast Alum. Forged Alum. Cast Intake Forged Forged
OPERATION Pistons Pistons Manifolds Valves Conn. Rods
Casting Foundry 500 — 150 — —
Forge — 225 — 600 375
Lathe 225 225 — 450 —
Grinder 480 480 — 480 160
Milling — — 200 — 133
Boring & Drilling — — 160 — 480

To convert daily to monthly rates, XYZ will use a 20-day month. Due to market demand, XYZ can only sell
limited quantities of some of the products, and must make at least a minimum number of other products. The
maximum and minimum production volumes for the next month, together with the unit dollar contribution to fixed
costs and profit for each product, are presented in Table II. ’

Table II

Production Requirements Per Month
And Profit Contribution Per Unit, $

Cast Alum. . Forged Alum. Cast Intake Forged Forged
Pistons Pistons Manifolds Valves Conn. Rods
Maximum Prod. NONE 2000 3000 NONE NONE
Minimum Prod. ) 0 1000 0 4000 1000
Profit Contr., $ 3 4 12 2.5 5

The problem for XYZ is to determine (a) the optimal production plan to maximize contribution to fixed costs and
profit, and (b) the profit contribution this optimal production plan will realize.

Setting up the Problem:

The first step is to convert Table I to a set of constraint equations. The casting foundry constraint can be used as an
example. The foundry can cast 500 pistons or 150 manifolds per day. Each manifold produced uses 500/150 or
3.33 times as much available capacity as each piston produced. Restated, the constraint is:

1 (cast pistons) + 3.33 (intake manifolds) < = 500/day or 10000/month

The other five constraint equations are set up in a similar manner. A copy of the data input form, located in the
Appendix, is used to present the complete problem prepared for entry into your HP-85. Follow the User Instructions
to enter the problem from the keyboard or tape cartridge (stored as 16K data file MCHINE).
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After entering the problem you have the option to print it out.

Printout of the Problem

The printout consists of four parts:
1) list of variable and constraint names.

2) list of constraint equations with
constraint coefficients and RHS values.

3) objective function coefficients.

4) variable upper and lower limits.
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Solution of the Problem:

The first step in optimization is to define all variables which will be used in solving the problem. In this example
the variables in columns 1 through 5 of the tableau are the problem variables.

Surplus variables are positive variables subtracted from the left-hand side of > = (greater than or equal to)
inequalities in order to make them equalities. This problem includes no > = inequalities, so there are no surplus
variables.

Slack variables are positive variables added to the left-hand side of <= (less than or equal to) inequalities in order
to make them equalities. Since all six constraints are <= inequalities, variables 6 through 11 are slack variables.

Artificial variables are positive variables added to the left-hand side of equalities and >= inequalities. They are
used to generate an initial basic feasible solution, from which the iterative optimization process begins. No artificial
variables are needed.

A printout is made showing the problem variables and any surplus, slack and artificial variables, as necessary.

The next step is to form the initial tableau. This is an'array of coefficients used in optimizing an LP problem by
the simplex method. The initial tableau may be printed prior to the beginning of optimization. For this example, the
initial tableau is as follows:
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The difficulty in recognizing the coefficients in the tableau is due to print format restrictions. If the tableau could
be printed without limits on paper width, it would appear as in Table HI.

Table 111
_Initial Tableau
A Q ~ v -] » L} ©
& Sl J «| &l &l &l SlEl &
PN I I A g g
& |& |§F | |8 Wl o
RHS
SLACK 1 1 0 3.33 0 0 1 0 0 0 0. O 10000.00
SLACK 2 0 2.67 0 1 1.6 0 1 0 0 0 0 3730.00
SLACK 3 2 2 0 1 0 0 0 1 0 0 0 3000.00
SLACK 4 1 1 0 1 3 0 0 0 1 0 0 1600.00
SLACK 5 0 0 2 0 3 0 0 0 0 1 0 5000.00 |
SLACK 6 0 0 3 0 1 0 - 0 0 0 0 1 8600.00
OBJ FNC -3 | -4 -12 -2.5 -5 0 0 0 0 0 0 0
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With the initial tableau in this format it is easier to see that the initial basis includes the six slack variables
(columns 6 through 11). The signs are reversed on the objective function coefficients (row 7) because the algorithm
is a minimization algorithm and the example problem is a maximization problem. The constraint RHS values
(column 12) are modified by the presence of the variable lower bounds. We can see this by examining constraint
#5 (ML LG

Tableau RHS value = original RHS value — E [(variable coeff) (lower limit)]

all variables

5000.00 = 8000.00 — (2.00) (0) — (3.00) (1000)

Note that variable upper bounds are incorporated in the algorithm and that neither upper nor lower bounds are

formal constraints.
Finally, the objective function value for the initial tableau is zero (row 7, column 12).

After the tableau is printed, the optimization is performed. The HP-85 LP Pac includes a binary language program
which performs each optimization iteration approximation six times faster than would be the case if the routine
had been written in BASIC.

After optimization the results are printed.

4 TrERRT DR

e

The final basis contains all variables which are in the solution ( all variable with values > zero ). Any variables
which are at upper or lower bounds are also displayed although these variables are not in the final basis. In this
example, optimization was reached after 4 iterations.

The optimal production plan for XYZ for the next month is:

400 cast aluminum pistons
2000 forged aluminum pistons
2500 cast intake manifolds
4200 forged valves

1000 forged connecting rods
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The value for the objective function is then printed.

This plan for XYZ’s production next month will generate $54,700.00 contribution to fixed costs and profit.

Three slack variables are in the basis indicating that the corresponding constraints are not binding. The amount of
each constraint used equals the RHS value less the slack value. These amounts are presented in Table IV.

Table IV

Non-Binding Constraints

Slack Constraint RHS Slack 2 Amount
Variable Name Value - Value = Used

1 10000.00 - 1275.00 = 8725.00

2 12000.00 - 860.00 = 11140.00

6 9600.00 - 1100.00 = 8500.00

Dual variable values (‘‘shadow prices’”) give significant information about the economic value of the constraints.
The value of the dual variable is the amount of increase in the objective function value for each unit by which
the constraint RHS is relaxed. (Relaxed means increased for <= constraints in this example.)

In this example another ‘‘unit’’ of grinder capacity (increasing the [:F: I M[!IF: constraint #4 RHS value from
9600 to 9601) would increase the- objective function value by $2.00.

Dual variable values hold only so long as the solution basis does not change. Sensitivity analysis is performed
to determine over what range the dual variable values will remain valid.

Constraints which have zero values for the dual variables, such as :HZ T MG and F U GE are already in excess..
Increasing the constraint RHS value would only increase the value of the associated slack variable and would not
improve the solution.



The final tableau may then be printed.
THELEML AFTER Ao PTERETIORMS
b A K
kY ]

The final tableau, displayed in full width, is shown in Table V.

Linear Programming
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Table V
Final Tableau ‘
Sl £ 1lsl Slelsl £l el &6
O e

& 1&€ s 7|5 |F |5 |F
RHS
SLACK't | 0 1 0|0 -2 170 -1 1 -1.67 | 0 1275.00
SLACK2 | 0 | -267 | 0 | O -4.4 0 {1 1 -2 0 0 860.00
CSTPST 1 -1 0O -3 0o 1 -1 0 0 400.00
VALVE 0 0 0| 1 6 0 [0 |- 2 0 0 200.00
MANFLD | 0 0 110 15 0|0 0 0 5 0 2500.00
SLACK6 | 0 0 o0 -3.5 00 0 0 -1.5 1 1100.00
OBJFNC | 0 1 0|0 19.0 0o 5 2 0 35700.00
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Every basis variable has row coefficients of zero in all rows except its own, in which it has a coefficient of one.
Non-basis variables have objective function row coefficients which may be called ‘‘shadow prices’” as they
Each unit which is required to be made reduces the objective function value by $19. If we could relax the lower
bound so only 999 needed to be made then the objective function would improve by $19.

Forged pistons (I [ {3 F % T) are at their upper bound of 2000. If we could relax this upper bound so one more unit

could be made then the objective function would improve by $1.
The ‘‘shadow prices” for slacks 3, 4 and 5 are the dual variable values discussed earlier.

The final tableau RHS column contains basis variable values and the objective function value. Both have been
modified by the variable upper and lower bounds.

For maximization problems the basis variable value equals the final tableau RHS value plus lower bound (or
plus zero if no lower bound).

For minimization problems if an upper bound is present, the basis variable value equals the upper bound minus
the final tableau RHS value. If there is no upper bound the calculation is the same as for maximization problems.

The objective function value is calculated as follows:

Obj. Func. Value = final tableau obj. func. value + 2 [(obj. func. coeff.) (lower bound)]

all variables

54700 = 35700 + (4/FRGPST) (1000) + (2.5/VALVE) (4000) + (5/CONROD) (1000)

Tableau elements in columns corresponding to non-basis variables represent substitution rates for basis variables.
They are used in the sensitivity analysis which follows.

Sensitivity Analysis

The sensitivity analysis gives more information about the variables and constraints in and out of the basis.
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Within the upper and lower limits you may change any one constraint RHS value or objective function coefficient
without changing the basis (the variables which are in the solution). Their values may change and the objective
function value may change but the basis will remain the same. If a variable or constraint toefficient is changed
beyond the limits, or if more than one at a time is changed, the solution or basis variables may leave the solution.

Sensitivity analysis determines the range of validity of dual variable values. Earlier we saw that increasing the
GBI HIE constraint from 9600 to 9601 units would increase the objective function value by $2.00. Now we see
that the range of applicability of this $2.00 per unit change is only from 9500 to 10,000 units. Beyond these
limits, the basis will change as will the dual variable values. When LIFEiF[] is printed, there is no limit (uppér

or lower) for that RHS value or variable coefficient.

Variables which are at their upper or lower bounds are included in the category of non-basis variables. Non-basis

“‘shadow price”’ or ‘‘opportunity cost’” of $19 per unit. This is the difference between the $5 objective function
coefficient and the $24 ranging upper limit. If the unit profit contribution for connecting rods were increased by
more than $19 we would expect this product to enter the basis.

Second Example
Statement of the Problem:

Our second example is a cost minimization problem. A farmer wants to develop a feeding formula for broiler

starters (chickens 0 to 4 weeks old). The feed mix must meet certain nutritional requirements, regardless of cost.

There are ten different ingredients which may be used in the chicken feed. Each ingredient provides different
percentages of the nutrients. These ingredients and their nutrient percentages are shown in Table 1.
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Table 1
Nutrient % By Weight

. . . Available . . . Methionine | Energy | Price
Ingredient Protein Calcium Phosphorus Lysine Methionine & Cystine | Kcal/Kg | c/Kg
Corn 8.8 .03 .27 2 A7 .26 3450 10.0
Alfalfa 15.2 1.23 .22 .6 2 37 1600 13.0
Fishmeal 61.3 5.5 2.81 5.3 1.8 2.74 2900 43.5
Meat & Bone Meal 50.6 10.57 5.07 3.5 7 1.3 2000 25.0
Rice Bran 13.0 6 1.8 5 .2 5 2100 10.1
Soybean 45.8 .32 .67 2.9 .6 1.27 2250 19.0
Defluorinated 0o 320 18.0 0 0 0 0 22,0

Phosphate .

Ground Limestone 0 35.8 0 0 0 0 0 1.1
Cottonseed Meal 49.0 .28 9 1.7 .8 2.0 1900 11.0
Fat ] 0 0 0 0 0 8000 40.0

Certain nutrients are required to achieve the desired growth rate. The nutrient requirements for the chicken feed are
given in Table II. '

Table 11

Nutrient Requirements

Minimum Requirement Maximum Allowable
Nutrient or Energy (lower or>= constraint) (upper or <= constraint)
% % .

Protein 25 NONE
Calcium 0.8 1.2

Avail. Phosphorus 0.5 0.7

Lysine 1.3 ~ NONE
Methionine 0.5 NONE
Methionine & Cystine 0.9 NONE
Energy 3200 Kcal/Kg NONE
Weight 1 Kg , 1 Kg

The chicken feed can only contain certain percentages of some of the ingredients, either due to limited availability
of the ingredient or because a certain ingredient must be included. Upper arid lower bounds on ingredients are
given in Table III.
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Table 111

Ingredient Requirements

Ingredient Lower Bound, Kg Upper Bound, Kg

Corn 0 4
Alfalfa .02 .08
Fishmeal 0 .10
Meat & Bone Meal 0 .10
Rice Bran 0 NONE
Soybean 0 NONE
Defluorinated

Phosphate 0 NONE
Ground Limestone 0 NONE
Cottonseed Meal 0 .25
Fat 0 .10

The farmer’s problem is to determine (a) the optimal mix of ingredients to minimize cost per kilogram of feed,
and (b) to calculate the minimum cost per kilogram of this mix.

Setting up the Problem:

The first step is to convert Tables I and II to a set of constraint equations. Refer to the data input form to see
how this was done. The nutrient-ingredient relationships are expressed in percent in both tables so this unit of
measure can be used in the constraint equations. This is also true of the energy-ingredient relationships in constraint
#10. Constraint #3, (WE I HT) is included to insure that the mix will be exactly one kilogram in weight.

The objective function coefficients are expressed in cents/Kg rather than dollars/K g to avoid losing information due
to display format limitations.

The upper and lower bounds on ingredients in Table III are expressed in kg to be consistent with the set of
constraint equations.

Follow the User Instructions to enter the problem from the keyboard or tape cartridge (stored as 16K data file
CHICK).
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After entering the problem you have the option to print it out.

Printout of the Problem

W

L
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Solution of the Problem:

Refer to the first example for discussion of surplus, slack and artificial variables, and the initial tableau.

31
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The ingredients and amounts used are:

CORN 400 kg
ALFALFA .020 kg
FISHMEAL .083 kg
RICE BRAN .027 kg
SOYBEAN 123 kg
GROUND LIMESTONE .005 kg
COTTONSEED MEAL 250 kg
FAT .093 kg
TOTAL 1.001 kg

Truncation error of .001 occurs from using only three decimal places for accuracy in the output.

The minimum cost per kilogram of feed mix is $.169.

Of the ten constraints, five are non-binding, indicated by the presence of their associated slack or surplus variables
in the basis. Non-binding constraints are presented in Table IV.

Table IV

Non-Binding Constraints

Slack/Surplus Constraint Name RHS Value + Slac\l;/as;:;plus = Solution Vailue
SLACK 1 CRLCLF 1.2% — 400% = .800%
SURPLUS 4 FERETHLD 250% + 2125% = 27.125%
SURPLUS 6 1 5% + 200% = .700%
SURPLUS 7 1.3% + 025% = 1.325%
SURPLUS 9 9% + 108% = 1.008%

The other five constraints are binding, and by examining the dual variable values (‘‘shadow prices’’) we can see
how the solution may be improved by changing the constraint RHS values.
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LUMH @

Constraint #5 (i~ (1) requires the percentage of calcium to be >= .8%. Relaxing this constraint by one unit
(1%) would improve the objective function value by $.136. Such a large relaxation is, of course, not possible, since
the original RHS value is only .8%. However, a 0.15% relaxation (from 0.8% to 0.65%) is possible and this would

improve the objective function value by (.15) (.136) or .020, from 16.922 cents to 16.902 cents per kilogram.

Constraint #8 (IME THL.IY) requires the percentage of Methionine to be >= .50%. The effect of a one unit
(1%) change is $18.192. Increasing the constraint RHS value to .52% would increase the objective function by
(.02) (18.192) or .364, from 16.922 to 17.286 cents per kilogram.

The final tableau may be printed out.
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Sensitivity Analysis

e

.
.

R

Please refer to the first example for an explanation of the final tableau and sensitivity analysis.
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In this second example, the sensitivity analysis was used to determine the range of validity of the dual variable

values (‘‘shadow prices’’) discussed earlier. Constraint #5 (IFil.[:L.11) has a range from .6% to 1.2%, and
constraint #8 ([E T HL. (1) has a range from .49% to .53%. Within these ranges the dual variable values for these
constraints are valid and can be used to estimate a change in the objective function value resulting from a change

in a constraint RHS value.

v

The narrow range for [ME THI.11 means that the solution (basis) is particularly sensitive to changes in the RHS
value for this constraint.



Appendix A

Remarks Program

To help you understand the flow of the programs contained in the Linear Programming Pac,, abbreviated remarks
for each of the programs in the pac, as well as definitions of variables used, are contained in a program named

““REMARK”’. When using this program you may want to refer to Appendix C for an explanation of the LP tableau

structure.

User Instructions

1. To load the program:
a. Insert the LP Pac cartridge into the tape

transport.

b. Type: PREMARRY

When the program has been loaded:

a. Press:

When FREIMT C O DTEPLAY

DUTRLUT P 2% is displayed:

a. Enter: P to print the output.

OR:

a. Enter: D to display the output.

Note: Contents of the display screen may be

output to the printer at any time by press-

When the keys are labeled:

SOLVE
l.F

ANSHER
MODTFY

SEMERAM VARELE
FRINT BTORE

a. Press: KEY #1 (L.) for LP (problem entry)

remarks.

OR:

a. Press: KEY #2 (MO 1FY) for Modify
remarks. ’

OR:

a. Press: KEY#3(F K I1T) for Print remarks.

OR:

a. Press: KEY #4 (% TIREE) for Store
remarks.

OR:

a. Press: KEY #5 (&itll. V) for Solve
remarks. :

OR:

a. Press: KEY #6 (FIMZE ) for Answer
remarks.

OR:

a. Press: KEY #7 (GEMEZFM) for Sensitivity
Analysis remarks.

OR:

a. Press: KEY #8 (MFEELE) for program

variable definitions.

40



Appendix B

To obtain a catalog of the programs and data files stored on tape:

a. Insert the LP Pac cartridge into the tape transport.
b. Type: CHAT

To purge a problem (data file) from tape:
a. Insert the LP Pac cartridge into the tape transport.

To display a listing of one of the LP Pac programs:
a. Insert the LP Pac cartridge into the tape transport.
b. Type: " (program name) "

c. Press: (0

To print a listing of one of the LP Pac prbgrams:»
a. Insert the LP Pac cartridge into the tape transport.

b. Type: " (program name) " -
. Press:

41



Appendix C

Tableau Structure
Note: Understanding the tableau structure is not necessary for formulating the LP problem and interpreting the
solution. It is helpful when using the Remarks program (Appendix A) to follow program flow.
The matrix A(,) contains the variable coefficients, constraint RHS values, objective function values, basis variable
pointers and indicators for whether variables are at their upper bounds. The structure is shown below:

N N+ G N+ M+G B B+ 1 P
- =]
2le| £
cle B
» | |=] <%=
" (] 2 [/} 8 [ -E
Variable 33 Slack and e|% &8
Coefficients g2 Artificial 5|8 g2
Input S Variables >|18 &8
218 &2
|5 28
23| £¢
Sla| @&
1]
8
M —»- S

W .| Phase Il Objective Function Values—Input
W_»| Phase | Objective Function Values—Computed
X —»| Upper Bound Indicators

Extra Spaces for Adding Two (2) Constraints
O —»

In the tableau A(,) the following variables are used: ;
B is the pointer to the constraint RHS value column in A, B=N+ M+ G+ 1

G is the number of greater than or equal to (>=) type constraints.

M is the number of constraints.

N is the number of variables.

O is the number of rows in A(,); O =M+ 5

P'is the number of columns in A(,; P=N+ M+ G+ 6
W is the phase objective function pointer in A(,).

X is the upper bound indicator pointer in A(,).
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